§ 4 Poincare Disk Model
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Defwﬁm 4. 1.0

Let f:C—»C

Tromslation  (Translated \93 aeC)=f(2)=z+o.

Rotztion (Retate by 6 anti-clockwise  direction) : §@ = <z
Scaling (Scale \oa_ a j‘ad:pr reR , r#0): f@exz

'Reck?vocdtlw\ : f(z)= -'i

Bxercise  4.1.1
Show et translation , vsttion, s«:llv\g and rec:?vocd.tlm are AV\gle_ 'Fresewi\g maps
ie. -f Y. ond Y, are +tuo curves meskt ak Yio) 2 X(o) = 2o, then
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Let Wi, Wy W Wy, be. 'f\wr distinet Czw?\% nwambers ,
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_n\ersze givev\ ‘e noncollinear -Foivvks W, Wy, Wy, Hae %\a‘bon cf “the circle Pasiw%
_El'\mng\/\ LWL Wy Can be %iven ‘olé [ 0,2l €R - or ImDo, 0, 0,210

Given -daree  collinear 'Fowrﬁs W Wy W,

Do ey, 2z 2o Wity | 2-Wy | Wa-w),

Wy -W, 2-Wy Z-W3 Wa -,
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the %«z‘hm cf -the SEVOJ%‘RE line. Pmr% 't‘l\"bbg‘/\ @), 2, and 2y can be g?ven 56_

Z2-W cR or Im-2= .o
Z-N& Z-Ns

Brercise 4.1

lf LW, W W,JeR | then all 24 :?bw'* -Fowvt ratics givevx l:«a_ Pewmxhn%_ Wi, Wa, Wy, Wy

are veal os well.

'Pro[:osi-biov\ 40
Fowr 'Fo\wt ratioc s Freserved an_ travslation , rstxtion, Sco.llhg and rzd?voca:tlov\ ie.
Efu.),fw,fug,fow]dw.,w;.m.m:l If f is_a translation , a  ystation , a sm.hv\g or \ch?vocdﬂm

Direct owseiaevce_:
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Tromslation , vstation |, secllng and rec:Fvoca:tlov\ map circle or a line to a cicle or a line .

lf f@)=-%=§l, Cinversion) , Show  Haak [fm.),fw,f(ug,fw]dw.,whm,wg )
Hence inversion mars a cicle or a line 4o a circle or a line .
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:Deflr\i‘b'ov\ 4.1.3
A Msbins ‘bm\v\sju(md'bm s a :fw'cbon f=C—>C in fww cf

az+b
m VJL\Q\’Q. QLCdeC dﬂd O.d bC¥O
Brercise 4.1.4

Let f‘(zhz-t-%, Fe=g . Fes bcéad 2, fadaze

Show that (:f:“’f“f‘"f')&h g;‘_:g ~le eveny Masbins 'bnvsfumwbw\ con be eu?re_ssed as a
Cw?es'r‘:lm of “bronslation , rottion, soa]lng and veci?mcdﬁlm.

Hewnce , Msbius 'brws%mﬂbm are. bgecb’we. , 'Freser\rm% w%(es and fovr '[:o\wt ratics  and
'ﬂ'\ela mar a drcje or a line to a drcle. or a line .

Alse  show that f(z) =(]e-,‘-f;- f:-f:)(zh % which s agadn a Msbius '&:mv&forvmhon

Now. we consider a Far-(:iculnr class of Mabivs 'Emsfww\atiovx.

Exercise  4.1.3

let a, A eC with lalci . |al=t and let -f&h?\ a’;_‘:’“l (Nske. —1+ad £0) . Show tdhat

(h’rf lzl< |, then I-s(z)kl |f 2l =\ -ﬂr\en(f(z)lﬂ

G f(z) is_also m'ﬁr\e.fw A 2% here o, X eC wibh ldi<i , 1Al=1 .

QZ-
2-Aa
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Note r)e w=f(z) , zrf-éw) .

“dren \:«.ach ad d@ , we have (zl=| f ard u\l.a \f |u|=|-f(z)\=|.
lzl<| ﬁ ard mka rf Iul=lf(z)\<l.
Hence , f maps 4he vk cicle +o r&e_\f and meps “he opan ke disk o rEsdf

Theorem  4-.1.1

Let D={zeC:lzlci}. The set :f all b'lkolowxovf/\'lc. jwrcﬁon f:'b—-'b
Pt (D) = {-fmns 22 :a,AeC, lalsi, M=},
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Let z=1+~'u6, Ws tiv, Q= c+id

kg = [tu-o +itv-d ) [(en+dv - +1du-av)]
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When x=%o, we have [c-xlctd®]@ien®) + (- S=t +205)U + Odte ~20d)v 4 (£-%) = O
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When Y=o, we have  [d- cé,(c’+d‘)] (e + (uc«a;zcd)u-\-(c:-d’-l -ndxa.) N (d-'.a.) =0 S'Evmgk(: fines

ie. f maps vertical and hovizentnl lines to circles or s'l:mugk(: lines .

B‘a.m?le. 411

(L ek .
Le:t =A='—Q ie. A=1{, Q=C+d-=-l-+—L'L
j E-Y=z-1 TR
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Resutts  related 4o inversion :
Let :f(z)=—,‘2—

Let T be tre wik cwvcle on €, e, T={zeC: kl=1}.

'Prot:osi-&ov\ 404
Let Abe.o.‘ro'mh'msicle. T.lek PQ be “Hre chord sudh -Hhakt PQRLOA.
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iy line possing “through © rtself

iy line not passingy 'Hm-ov%k o Inversion cirele -Fassiv% though O
i)y cicle not possingy -Hm-wak (o} cirrle nst Possingy -(-.\mwak o
) arele -FerFevdaAar ‘o T rl-selj'

‘PY'Dtbosi'aev\ 4.6
lf a crcle T conkains  a Pom(: z and s inwerse f(zh—iz—,-ﬂv\ey\ T”mars +o rbself- wder inversion.
Hence T’ s 'FevFevdaJwr + T.




4.2 Poincare Disk Model

Pomcare. Disk : D= {zeC :lzl< 1l wth Pomcare mebric d<'= M—d“"‘d‘&l L"_d"r-_- “'dﬁl
(-=x- la) W= (=M

-Prolbos\'('ion 4.1

let 2,2, €D, there exists uw%\e. circle or line ¥ 'Passing -Ekmv%\n 2.2
Suda “dacst '\.'L is 'FerFevxdic:qur +to T, where T={zeC: kl=1}.

P

|f 2, and 2z, lie on a diametecr cf T . then let'\{.l:e-ﬁo\e. wxizu;e st‘mlg_xt line. cwttab\'m% 2, and 2,.
Othenuise , lc!:.-\[, be. Hhe uwuz;e circle. -Fassw\% 'tlnmu\al« 2. 2Zn. ‘;. .
Let 2=1Dn'+ and Y, €T whidh is Hre arc wibh &\&Fou&ﬁs 2, and 2.
Let T’r\'\f : {25,283 where 'H\aa are named so that we can o a‘u\% '\/, aocovdiw% “re  order
Zi.2,.2. 20 .

T =

Theovrem 4.2,

(i) let YeD be ayua_cwve, wirth evv:\Foivas 2z, and zy. Then

Lev\gt\r\ch-Sc\s srds-\_engﬁacf\’. (wi-ﬂnresFe:b-to'Polv\caré mebric )

 Lorgih of Yo bfomnn ol | 5/ e

Tkeyefbre. we de-ftvxe. a distance ‘?«V\cbon d. DD K B-a dez, z) = In |22, 2,.2.. 29|
and ¥ is sad 4o be a line (geodestd cf D.

We call a lime on D +to be a P-lne to d‘sﬂvx%u\s‘r\ rt ’foM an ord’mo.ﬂa_ Sb'alg_l«h line on C.




Let Z.:'R.Q.M and Z,zs'Rieu where  -I<R, cR.< .

Then -6 and ZXse™ and Yo s 4o telRRI, s e P-line Segpract. Joivieg 2 ared 2.
ln 'Folar coordinates , Yot «(r@) , O = (£, &)

Then dez.2z) « f ds

J: llr‘ dr

.f: L_+ 1 _dr

(+Y \-r
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ln FﬁfE\Cb\la\" do,2) = ln IO b e here valzl.

=

Nete - z’f,z‘,z,,z.,_ lie on a line o a cicle 'v.'L
= f(z‘f),f(z.),f(w,f(zi) lie on a line or a cicle f(xp

Also Z1=l22l=1 = (f(z:')l-(j?ng)l-l ie. f('tP r\'l"={)e<z:'),f<2:)}
f«z.\"=fczf) and f(za"=f<z‘;>

Theorem 422

lf fePw:b(‘b) e fﬂD—fD d:fme:\ ba_ fmﬁ\ az-f. where a,A eC, lalc, IAl=1 |
“ren cl(-f(zﬁ ,-f(z,)hd(z.,z,.) -fm— al z,.,z,eD

defea e« ln| [f2s, $ezo. f(zo,ftzo"]l = ln | I, $20, f(zo,f(z:)]l = ln |l2%,2,.2.. 20| = d 2

—I'L\erszz, f i leng&\ and cm%le 'Fraervw% -fur all fe%('\b).




Emmrle. 4.1

let z=L , za=di  Find d@z.zd.
Qmestion-How-tofm\ 2 and 23 2

Let -f(z),ﬂ_ = 22-L ¢ Ak(D) |, (ie. 4dke A=1, a=2,)

Lz-t z-2

Then f(z.)=o , jp-(z,)--'%-%i

dez, 2 = defeen. $20) = o fe) = ln:—-::% = lvx%% = 16807

. Ry =22t
Check: § 23 = 2221
L 2= £ fan) - 4 Ao

25 o) - 55 5

Eumfle. 43

Let Yeor= LG-0)+4ti , telo.d . Then x=4G-1), ar-_‘,—_-t, 2, =¥ =4 , 2, =Y=L1
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